INVARIANT METRICS AND LAPLACIANS ON SIEGEL-JACOBI 

SPACE 



JAE-HYUN YANG 



Abstract. In this paper, we compute Riemannian metrics on the Siegel-Jacobi space 
which are invariant under the natural action of the Jacobi group exphcitly and also provide 
the Laplacians of these invariant metrics. These are expressed in terms of the trace form. 

1. Introduction 

For a given fixed positive integer n, we let 

]H„ = { Z G C("'") I Z = *Z, ImZ>0} 
be the Siegel upper half plane of degree n and let 

Sp{n,R) = {M € M(2n,2n) [ tj^fJ^M = Jn} 

be the symplectic group of degree n, where 

T - f ^ ^« 

- {-En 
We see that 5'p(n,]R) acts on transitively by 
(1.1) M ■ Z = {AZ + B){CZ + Dy^, 

where M = (^^ ^ € Sp{n, M) and Z e H„. 

For two positive integers n and m, we consider the Heisenberg group 

H^''^'^ = {{X,H;k) \ X,fie , K G , K + fi'X symmetric } 

endowed with the following multiplication law 

{X,H;k) o {X',h';k') = (A + X' , + fi'; k + k' + A V' - 
We define the semidirect product of Sp{n, M) and H^'"^^ 

:= Sp{n,R) ^ H^^""^ 
endowed with the following multiplication law 

(m,(A,^;k)) • (M',(A',/i';K')) = (mM', (A + A', /i + /u'; k + k' + A V - /i*A')) 
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with M,M' G Sp{n,R),{X,n;K), (A',/i';K') G i^i"'™^ and (A, /i) = (A,Af)M'. We call this 
group G"^ the Jacobi group of degree n and index m. We have the natural action of G*^ on 
M„ X C^'"'") defined by 

(1.2) (m, (A, ^c)) • (Z, W) = (^M- Z, {W + XZ + ix){CZ + D)-^^ , 

where M = G Sp(n,M), (A,/x;k) G and G M„ x C^'"'"). The 

homogeneous space E[„ x 

£{m,n) -g gg^iig^j ^j^g Siegel-Jacobi space of degree n and index m. 
Wc refer to [2-3], [6-7], [11], [14-21] for more details on materials related to the Siegel-Jacobi 

space. 

For brevity, wc write Mn^m ■= x C^™'"). For a coordinate {Z,W) G Mn^m with Z = 
(z^^) G Mn and W = (wki) G C('"'^), we put 

Z = X + iY, X = {Xf,u), Y = {y^y) real, 

W = U + iV, U = (uki), V = (vki) real, 

dZ = (dZf,^), dZ = {dZf^y), dY = {dy^^,), 

dW = {dwki), dW = {dwki), dV = (dvki), 
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where 6ij denotes the Kronecker delta symbol. 

C. L. Siegel [12] introduced the symplectic metric c/s^ on H„ invariant under the action 
(1.1) of Sp{n,'M.) given by 

(1.3) dsl = a(Y-^dZY-^dZ^ 

and H. Maass [8] proved that the differential operator 



(1.4) 

is th( 
square matrix A. 



4(7 y M Y^ 



d \ d 



Ar.. -dZjdZ^ 

is the Laplacian of for the symplectic metric ds'^. Here o-{A) denotes the trace of a 



In this paper, for arbitrary positive integers n and m, we express the G'^-invariant metrics 
on H„ X C*^'"'"') and their Laplacians explicitly. 



INVARIANT METRICS AND LAPLACIANS ON SIEGEL-JACOBI SPACE 



3 



In fact, we prove the following theorems. 
Theorem 1.1. For any two positive real numbers A and B, the following metric 



Km;A,B = Act(y-^ dZ dz) 



+ Bi^a{Y-^^VVY-^dZY-^dZ^ + a{Y-^\dW)dW^ 
-a{yY-^dZY-^\dW)^ - a{yY-^dZY-^\dW)^^ 



is a Riemannian metric on ^n,m which is invariant under the action (1.2) of the Jacobi 
group 

Theorem 1.2. For any two positive real numbers A and B, the Laplacian ^n,m;A,B of 
(H„,„, dsl^^.j^ B) given by 



A\ \ \ dZ) dZ ) \ \ dW ) dW 

\ \ dZ) dW ) V V dW) dZ 

4 d U d 



B \ dW \dW , 
The following differential form 

dv = ( deiF)"("+™+^' [dX] A [dY] A [dU] A [dV] 

is a G"^ -invariant volume element on M.n,m, where 

[dX] = h^<vdx^^, [dY] = Afj,<udyfj.u, [dU] = Ak,iduki and [dV] = Ak,idvki- 

The point is that the invariant metric ds"^ ^ and its Laplacian An^m;A,B are expressed 
in terms of the trace form. 

For the case n = m = 1 and A = B = 1, Berndt proved in [1] (cf. [19]) that the metric 
dsj 2 on H X C defined by 

dsl, := = y±^idx' + dy^) + lidu^ + dv^ ) 

— ^ {dxdu + dy dv ) 

is a Riemannian metric on BI x C invariant under the action (1.2) of the Jacobi group and 
its Laplacian Ai i is given by 



Al,l := Ai,i;i,i = y^ (^^ + ^^+[y + v 



It is a pleasure to thank Eberhard Preitag for his helpful advice and letting me know the 
paper [8] of H. Maass. 
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Notations: We denote by M and C the field of real numbers, and the field of complex 
numbers respectively. The symbol ":=" means that the expression on the right is the 
definition of that on the left. For two positive integers k and I, i^C^'') denotes the set of 
all /c X / matrices with entries in a commutative ring F. For a square matrix A E i^C^'-'^) 
of degree k, (t{A) denotes the trace of A. For any M G F^^'^\ *M denotes the transpose 
matrix of M. denotes the identity matrix of degree n. For A e F^*^'') and B e F^'^'*^) 
we set B[A] = *ABA. For a complex matrix A, A denotes the complex conjugate of A. For 
A G C(^'^) and B G C^*^'^), we use the abbreviation B{A} = ^'ABA. 

2. Proof of Theorem 1.1 

Let g = (M, (A, ^; k)) be an element of G'' with M = G Sp{n, M) and {Z, W) G 

M„,^ with Z G H„ and G C^'"'"). If we put (Z*, W*) := g ■ {Z, W), then we have 

Z^ = M-Z={AZ + B){CZ + 
W^ = {W + XZ + ,j,){CZ + D)-\ 

Thus we obtain 

(2.1) dZ^ = dZ[(CZ + D)-^] = \CZ + D)-^dZ{CZ + D)'^ 
and 

(2.2) dW^ = dW{CZ + D)-^ + {X-{W + XZ + n){CZ + D)-^C}dZ{CZ + D)'^. 
Here we used the following facts that 

d{CZ + D)-^ = -{CZ + D)-'^C dZ{CZ + D)-^ 

and that {CZ + D)~^C is symmetric. 
We put 

Z^. = X^. + lY^, VF* = + zF*, X*, y*, K real. 
From [9], p.33 or [13], p. 128, we know that 

(2.3) Y^ = Y{{CZ + D)-^} = \CZ + D)-^Y{CZ + D)-^. 
First of all, we recall that the following matrices 



f% \ 



-En 
En 



generate the symplectic group Sp{n,W) (cf. [4], [5]). Therefore the following elements 
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t{b; A, n, k), g{h) and (T„ of defined by 

t{h; X, fJ,,K)= ^ , (A, fj,; k)^ , b = *6 real, (A, /x; k) G H^'""^ , 

5W=((o^ ^-i),(0,0;0)), heGL{n,R), 

generate the Jacobi group G"^. So it suffices to prove the invariance of the metric ds^ ^ 
under the action of the generators t{b; A, /x, k), g{h) and (T„. For brevity, we write 

{a) = a{Y-^dZY-'^dZ^, 

(b) = a(Y-^^VVY-^dZY-^dZy 

(c) = a(Y-^\dW)dWy 

{d) = -a(vY-^dZY-'^\dW) + VY-^dZY-^\dW)^ 

and 

(a), = a(Y-^dZ,Y-^dZ,y 

(6)^ = a(Y-^ *KKy-^ dZ* Y'^dZ^^ , 

(d)* = -a(v^ Y-^dZ^ Y-^ \dW^) + 14 Y-^dZ^ F"^ ^(dW'*)) 

Case I. g = t{b; A, /x, k) with b = ^b real and (A, /x; k) G H^'"^\ 
In this case, we have 

Z* = ^ + 6, Y^ = Y, W^ = W + XZ + n, V^ = V + XY 

and 

dZ* = dZ, dW^ = dW + X dZ. 

Therefore 

(5)* = (j{Y-^^VVY-^dZY-^d'Z^ +a{Y-^^VXdZY-^d'Z^ 

+a(^^XVY-^dZY-^d'Z^ + c7(*AAdZy-^dz), 
(c)* = (7(^y-^*(dW^)dPF) +a(^y-^*(dW)Ac/z) 

+c7(^y"^(iZ *A(iTF) +cT(y"^(iZ *AAdz) 



6 JAE-HYUN YANG 

and 

(d)* = -a(vY-^dZY-^\dW)^ -a(^XdZY-^\dW)^ 
-a(vY-^dZY-^dZ *a) - ai^XdZY'^dZ *a) 
-a(vY-^dZY-^ \dW) ) - a(^XdZY-'^ \dW)^ 
-a(vY-^dZY-^dZ *a) -a(^XdZY-^dZ *a). 

Thus we see that 

(a) = (a)* and (6) + (c) + (d) = (6)* + (c)* + (o?)*. 

Hence 

'^^.m;^,^ = ^ (a) + + (c) + (d)} 

is invariant under the action of t{B; X, fx, k). 

Case II. g = g{h) with h G GL(n,M). 
In this case, we have 

Z^ = %Zh, Y^ = %Yh, W^ = Wh, V^ = Vh 

and 

dZ^ = */i dZ h, dW^ = dW h. 

Therefore by an easy computation, we see that each of (a), (6), (c) and (d) is invariant 
under the action of all g{h) with h G (7L(n,]R). Hence the metric ds^^.j^^ is invariant 
under the action of all g{h) with h G GL(ra,M). 

Case III. g = (Tn = 

In this case, we have 
(2.4) 
We set 

01 := ReZ-^ and 02 := ImZ"^ 
Then 9i and ^2 are symmetric matrices and we have 



(2.5) i; = -02 and := ImW^ = V9i + U92. 
It is easy to see that 

(2.6) Y = -ze2Z = -ze2Z, 

(2.7) 9iY + e2X = 
and 

(2.8) OiX - Q2Y = En. 
According to (2.6) and (2.7), wc obtain 

(2.9) X = {-92)~^9iY and Y'^ = 9i{-92)~^9i - 92- 



-Er 
E„. 



,(0,0;0) 



= -Z'^ and = WZ-^. 
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From (2.1) and (2.2), we have 



1 '7—1 



(2.10) dZ^ = Z-'dZZ 
and 

(2.11) dW^ = dWZ-^ - WZ-^dZZ-^ = (dW - WZ-^dZ^Z-^. 

Therefore we have, according to (2.6) and (2.10), 

(a)* = a({-e2)~^z-^dz Z~'^{-e2)~^'Z~^d'Z'Z~'^^ 
= a(Y-^dZY-^dZ^ = (a). 

According to (2.5)-(2.10), we have 



(6)* = a\^{-92)-'iei'v + 02'u){vei + ue2)i-e2)-'z-'dZY-'dz z 
= a(^{^u - {-02)~^ei^v}{u -vei{-02y^}z-^dZY-^dzz~^ 
= a(^{'W+ {iEn - {-e2)-^ei) 'v]{w - v{iEn + ei{-e2)-')} 

Z-^dZY-^dZZ~ 



-1 



(c)* = a(^{-e2y^(^Z-^\dW) - Z-^dZZ-^*W^(^dW Z ^ -W Z ^dZZ ^) 

= (T{^-Q2Y^Z-^\dW)m^~^ - {-02)-^Z-^\dW)WZ~^dZZ~^ 

-{-02)~^Z-'^dZZ-'^ *WdWZ~^ 
+{-02y^z-^dzz-^ *WWZ~^dZZ~^^ 

= a(Y-^\dW)dW^ - a(Y-^\dW)WZ~^dZ^ 

-a(Y-^dZ Z-^ ^WdW^ +a(Y-^dZ Z'^ ^WWZ'^dZ^ 



8 JAE-HYUN YANG 

and 



a(^{vei + ue2)i-e2)~^z-^dzz-\-e2)~^ [z ^\dw)-z Uzz 
- a {^voi + u02){-d2)-^ z'^dzz'\-e2y^ {z-^ \dw) - z-^dzz-^ ^w} ^ 



= -a{ {vei + ue2){-e2)''^z-^dZY-'^\dw)\ 



+ ayyei + ue2)i-d2)~ z-'dZY-'dz z~ w 
- a (^{voi + ue2){-e2y^ z^^dzr-^ \dw)^ 

+ a ({V9i + U92){-e2)-^ Z~^dZ Y'^ dZZ'^ *W ) . 



Taking the {dZ, dW)-^axi D{Z, W) in (6)* + (c)* + (d)*, wc have 

D{Z,W) = -a(vY-'^dZY-^\dW)^ +a(Y-^dZ{^W^- Z-'^^W)dW^ 

= -a(vY-'^dZY-^\dW)j because = WZ'^ (cf. (2.4)). 

Simiharly, if we take the {dZ , dW)-part \I\{Z,W) in (6)* + (c)* + (d)*, we have 

n(Z,W) = -a(vY-^dZY-^\dW)^ +a(^dZY-^\dW){W^-WZ~^)^ 
= -a(vY-^dZY-'^*{dW)j because W^ = WZ-'^. 
If we take the {dW, dW)-paxt n{W,W) in (6)* + (c)* + (d)*, we have 

n{W,W) = a(Y-^\dW)dW). 



FinaUy, if we take the {dZ, dZ)-part D{Z, Z) in (6)* + (c)* + (d)*, we have 

n{z,z) = a(^{W + iiEn-i-e2)-^eiyv}{w-v{iEn + 9i{-92r^)} 

Z-^dZY-^dZZ~^^ 
+ a (^Z-^*WWZ~^dZY-'^dZ^ 

+ a (^W{vei + ue2){-e2)~^z-^dz Y-^dzz'^^ 

+ a(^WiV9i + Ue2)i-92y^Z'^dZY-^dZZ'^y 



Since 



{vei + ue2)i-e2)-^ = -u + veii-e2y^ 

= -w + v{iEn + 9i{-e2)-'^} 
= -W-v{iEn-ei{-e2)-^}, 
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we have 

n{z,z) = a(z~^{iEn-i-e2)-'ei}'v{w-viiEn + eii-e2)-')} 



Z-^dZY-Uz 



-a(^Z ^ {iEn- {-92r^9i } ^VWZ'^dZ Y'^dZ^ 



Z-^dZY-^dZ^ 
By the way, according to (2.9), we obtain 

Z-^{iE^ - {-02)-%] = (01 - i92){iEn - (-02)-'0i} 

= 02 - 0l(-02)-'01 = -1^-' 



and 



Therefore 



[iEn + 0i(-02)-'}z-i = 0i(-02)-'0i - 02 = Y-\ 
D{Z,Z) = a(Y-'^*VVY-^dZY-'^dZy 



Hence (a) = (a)* and 

(6)* + (c)* + (d)* = D{z,W) + n(z,w) + niw,W) + n{z,z) 

= (6) + (c) + (d). 

This imphes that the metric 

dslm;A,B = A{a) + B[ib) + (c) + (d)} 

is invariant under the action (1.2) of a"„. 

Consequently ds'^^.^^^ is invariant under the action (1.2) of the Jacobi group G"^. In 
particular, for {Z,W) = {iEn,0), we have 

dsl,m;A,B = A-a(dZd'Z^ + B-a{^ (dW)dW') 

K. /i=l l<(U<i/<n ) 



+ B 



J2 iduli+dvli)\, 

Cm, KKn J 



k l<k<r. 

which is clearly positive definite. Since acts on Mn^m transitively, ds'^ ^ is positive 
definite everywhere in Mn^m- This completes the proof of Theorem 1.1. □ 

Remark 2.1. The scalar curvature of the Sicgcl-Jacobi space (H^^m, ds'^^ ^^.^ ^) is constant 
because of the transitive group action of G"^ on H^^^. In the special case n = m = 1 and 
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^ = i? = 1, by a direct computation, we see that the scalar curvature of (Hi ^.^ ^) is 
-3. 



3. Proof of Theorem 1.2 

If (Z*, VF*) = g ■ {Z, W) with 9 ~ ' ('^' A*' '^)^ ^ "'^^ easily that 

(3.1) ^ = (CZ + D)'{(CZ + D)^ 



+ (CZ + D)'|(c'H'- + CV-D'a) '(^)} 



and 

(3-2) ^ = iCZ + D)-^ 



For brevity, we put 



dW^ ' 'dW 



(a) :=4a( FMyi^ ^ 



:= 4a y 



dZ) dZ 
d J d 



dW \dW 
(7) := Aa[ VY-^*V'(y-^ ^ ^ 



dW J dW 



(5) := 4a(V'{Y-L^ ^ 



and 



We also set 



dZJ dW 



dWJ dZ 



:= 4a fy 



5 5 



dW* \dW* 

(7)*:= 4a( ^ ^ 



9W^*y dW> 



and 



dZj dW. 



(e). := 4a( V.^fy.^')^ 



We need the following lemma for the proof of Theorem 1.2. H. Maass [8] observed the 
following useful fact. 
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Lemma 3.1. (a) Let A be an n x k matrix and let B be a k x n matrix. Assume that the 
entries of A commute with the entries of B. Then a(AB) = a{BA). 

(b) Let A be anmxn matrix and B annxl matrix. Assume that the entries of A commute 
with the entries of B. Then ^{AB) = *B *A. 

(c) Let ^, B and C be a k x I, an nx m and an mxl matrix respectively. Assume that the 
entries of A commute with the entries of B . Then 

\A \BC)) = B \A *C). 

Proof. The proof follows immediately from the direct computation. □ 

Now we are ready to prove Theorem 1.2. First of all, we shall prove that ^n,m;A,B is 
invariant under the action of the generators t{b;\, ^,k), g{h) and (7„. 

Case I. 5 = t{b; A, fj,,K) = ^ ^ ^ , (A, /x; k)^ with b= *b real. 

In this case, we have 

Y^ = Y, V^ = V + \Y 

and 



and 



dZ^ dZ V \dWjJ dW^ dW 

Using Lemma 3.1, we obtain 



dZ J dW 

'y[Y^XHY^\^\+a(xY^X<Y^^ ^ 



dW dZ \ \ dW J dW 



(7). 



d 
dW 



+ a{V^XHY^\^\ + a(xY^X<Y-^ ^ ^ 



dW J dW J \ \ dW J dW 



(<5), = {d)+ aiXY'lY^^ ^ 



dZ J dW 

■a{V^XHY^)J^)+a(xY^X<Y-^ ^ ^ 



dW dW V \ dW dW 



and 



(e). = {e)+a[Y^XHY4=\4- 



dWj dZ 

■a[X^VHY^]J^] -a(xY^X^(Y-^ ^ ^ 



dW J dW J V \ dW J dW 

Thus = and 

(a) + (7) + {6) + (e) = (a)* + (7), + (6), + (e),. 



12 



JAE-HYUN YANG 



Hence 

is invariant under the action of all t{b; A, fi, k). 

Case II. g = g{h) = (^(^^ ,(0,0;0)^ with h € GL(n,M). 

In this case, we have 

Y^=^hYh V^ = Vh 

and 



dZ^ \ dZ J ' dW^ dW 

According to Lemma 3.1, we see that each of (a), (7), (5) and (e) is invariant under 
the action of all g{h) with h G GL{n,R). Therefore An,m;A,B is invariant under the action 
of all g{h) with h e GL{n,R). 

Case III. = cT„ = ((^^ "^"j,(0,0;0)j. 
In this case, we have 

= -Z-^ and = WZ-^. 

We set 

Oi ■= KeZ-^ and 62 := ImZ'^. 
Then we obtain the relations (2.5)-(2.9). Prom (2.6), we have the relation 

(3.3) e2Z = -z-^Y. 
It follows from the relation (2.3) that 

(3.4) n = 'Z'^YZ-^ = Z-^YZ'^ = -02. 
Prom (2.9), we obtain 

(3.5) 616^^61 = -Y-^ - 62. 
According to (3.1) and (3.2), we have 

(3.6) 4r = ziz4-\+zi^w^( ^ 



dZ^ \ dZ J V \dW 

and 

(3.7) = 



dW^ dW 
Prom (2.6), (3.3) and Lemma 3.1, wc obtain 

= i<-)-4u02ziY4=\4-\-^a(ve2ziY4^ ^ 



dZ) dW ) \ \ dZ) dW 

~a[ Z02 1 Y^\4-]+^a(ze2 V < Y^\ A 
' ' dW dZ V V dW dZ 



d \ d 



dW J dW ^ 
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From the relation (3.4), we see = According to (3.3), (3.5) and Lemma 3.1, we 
otain 

d \ d 



Using the relation (3.3) and Lemma 3.1, we finally obtain 



dW 



dZj dW J V \ dZ) dW 



and 



dW J dW J V \ dW J dW 

^ ' V V dw) dZ) V V dw) dZ 

V V dWjdW) V V dw) dW 

Using the fact Z~^ = 9\ + 162, we can show that 

(a) + (7) + (6) + (e) = (a), + (7), + (6), + (e)*. 

Hence 

An,m;A,B = ^ (Z^) + ^ { («) + W + (<^) + (^)} 

is invariant Tinder the action of an. 

Consequently ^n.m.-.A.B is invariant under the action (1.2) of G'^ . In particular, for 
{Z,W) = {iEn,0), the differential operator An^rn;A,B coincides with the Laplacian for the 
metric ds^ ^^.^ It follows from the invariance of An^m;A,B under the action (1.2) and the 
transitivity of the action of G"^ on IHI„^m that /S.n,m;A,B is the Laplacian of {MLn,m, ds^ m-A b)- 
The invariance of the differential form dv follows from the fact that the following differential 
form 

(dety)-("+^)[dx] A[dy] 

is invariant under the action (1.1) of 5^(71, M) (cf. [13], p. 130). □ 

4. Remark on Spectral Theory of /^n,m.;A,B on Siegel-Jacobi Space 

Before we describe a fundamental domain for the Siegel-Jacobi space, we review the 
Siegel's fundamental domain for the Siegel upper half plane. 

We let 

P„ = |y G \Y = *y > 1 

be an open cone in M"("+i)/2. The general linear group GL{n, R) acts on Vn transitively by 

hoY:=hY^h, heGL{n,R), Y eVn- 
Thus Vn is a symmetric space diffeomorphic to GL{n,R)/0{n). We let 

GL{n,Z) = ^heGL{n,R) /i is integral | 
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be the discrete subgroup of GL(n,M). 

The fundamental domain TZn for GL{n,'L)\Vn which was found by H. Minkowski [10] is 
defined as a subset of Vn consisting oiY= (yij) G Vn satisfying the following conditions 
(M.1)-(M.2) (cf. [9] p. 123): 

(M.l) aY^a > ykk for every a = {ai) G in which a^, • • • , are relatively prime for 

k = 1,2, ■ ■ ■ ,n. 

(M.2) yfc,fc+i>0 for A; = l,-- - ,n-l. 

We say that a point of TZn is Minkowski reduced or simply M-reduced. 

Siegel [12] determined a fundamental domain Tn for r„\]HI„, where r„ = Sp{n,Z) is the 
Siegel modular group of degree n. We say that = X + iY E ]HI„ with X, Y real is Siegel 
reduced or S-reduced if it has the following three properties: 

(5.1) det(Im (7 • n)) < det(Im (n)) for all 7 G r„; 

(5.2) F = Iml] is M-reduced, that is, Y eKn] 

(5.3) \xij\ < ^ for 1 < i, j < n, where X = (xij). 

Tn is defined as the set of all Siegel reduced points in ]HI„. Using the highest point method, 
Siegel [12] proved the following (F1)-(F3) (cf. [9], p. 169): 
(Fl) r„ • JP, = M„, i.e., M„ = U^er„7 • ^n- 
(F2) Tn is closed in H„. 

(F3) Tn is connected and the boundary of Tn consists of a finite number of hyperplanes. 

The metric ds\ given by (1.3) induces a metric cJs^r^ on Tn- Siegel [12] computed the 
volume of Tn 

n 

wo\{Tn) = 2Y{T:-^V{k)a2k), 

k=l 

where T{s) denotes the Gamma function and ({s) denotes the Riemann zeta function. For 
instance. 



vol (Ti) = -, vol {T2) = — , vol {T3) = , vol {T 



4 



3' ' ' 270' ' ' 127575' ' ' 200930625 

Let /fc/ (1 < A; < m, 1 < / < n) be the mxn matrix with entry 1 where the fc-th row and 
the Z-th column meet, and all other entries 0. For an element fl G ]HI„, we set for brevity 

hkiiO,) := fkiQ., l<k<m, 1 < I < n. 
For each Q E Tn, we define a subset Pq of C^™'") by 



= { XX + X X l^kihkii^) 

k=l j=l k=l j=l 



< Xki,m < 1 



For each O G Tn, we define the subset Dq of H.„ x C*'"'") by 

Dn := { {n, Z)eMnX C^*"'") \ZePn}. 

We define 

^n,m '■= Uae.F„-Cn. 
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Theorem 4.1. Let 

Tn,m := Spin,Z) K H^^'""^ 
be the discrete subgroup of , where 

^^n,m) _ 1^^^ ^_ ^-^ ^ ^^n,m) | ^ ^j,g integral | . 

Then J'n,m is a fundamental domain for Tn,m\^n,m- 

Proof. The proof can be found in [20] . □ 

In the case n = m = 1, R. Berndt [2] introduced the notion of Maass-Jacobi forms. Now 

we generalize this notion to the general case. 

Definition 4.1. For brevity, we set An^m '■= ^n,m;i,i (cf- Theorem 1.2). Let 

Vn,m := Sp{n,Z) K H^'""^ 

be the discrete subgroup of G"^ , where 

^^n,m) _ I ^ H^'"^^ I X, IJ-,K are integral | . 

A smooth function f : IHI„^m — > C is called a Maass-Jacobi form on ]HI„_^ if f satisfies the 
following conditions (MJ1)-(MJ3) : 

(MJl) f is invariant under Tn,m- 

(MJ2) f is an eigenfunction of the Laplacian A„^^. 

(MJ3) f has a polynomial growth, that is, there exist a constant C > and a positive 
integer N such that 

\f{X + iY,Z)\<C\p{Y)\^ as dety — ^ oo, 

where p{Y) is a polynomial inY = (yij). 

It is natural to propose the following problems. 
Problem A : Construct Maass-Jacobi forms. 
Problem B : Find all the eigenfunctions of A„ 

We consider the simple case n = m = 1. A metric dsf on Hi x C given by 



dsj 1 = ^ \ (dx^ + dy^) + - (du^ + dv^ ) 

y6 y 

2v 

{dxdu + dy dv ) 



y2 



is a G"^-invariant Kahler metric on Hi x C. Its Laplacian Ai^i is given by 

^'^ ^ \ dx'^ dy'^ 



dxdu dydv 
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We provide some examples of eigenfunctions of Ai i. 

(1) h{x,y) = Kg_i{27T\a\y) e'^'^'^"'^ (s G C, a 7^ 0) with eigenvalue s(s — 1). Here 

Ks{z) := ^ exp + t-')} dt, 

where Re z > 0. 

(2) y*', y*'.x, y*n {s E C) with eigenvalue s(s — 1). 

(3) y'^v, y^uv, y^xv with eigenvalue s{s + 1). 

(4) a;, y, u, v, xv, uv with eigenvalue 0. 

(5) All Maass wave forms. 

We fix two positive integers m and n throughout this section. 
For an element J7 G Mn, we set 

It follows from the positivity of Imfl that the elements fki, hki{^) {I < k < m, 1 < I < n) 
of Lq are linearly independent over M. Therefore Lq is a lattice in C^"*''^) and the set 
{ fkh ^fcl(^) \ I < k < m, 1 < I < n} forms an integral basis of Lq. Wc sec easily that if 
is an element of EI„, the period matrix fi* := Q) satisfies the Riemann conditions 
(RC.l) and (RC.2) : 

(RC.l) n*J„*O* = 0; 

(RC.2) -In^Jn^U^ > 0. 

Thus the complex torus Aq := C^"*'"'^/^^ is an abelian variety. 

It might be interesting to investigate the spectral theory of the Laplacian A„ „ on a 
fundamental domain J-n,m- But this work is very complicated and difficult at this moment. 
It may be that the first step is to develop the spectral theory of the Laplacian An on the 
abelian variety Aq. The second step will be to study the spectral theory of the Laplacian 
An (see (1.4)) on the moduli space r„\EIn of principally polarized abelian varieties of di- 
mension n. The final step would be to combine the above steps and more works to develop 
the spectral theory of the Lapalcian An^m on J^n,m- Maass- Jacohi forms play an important 
role in the spectral theory of A„ ^ an. J^nm- Here we deal only with the spectral theory Aq 
on L2(Aa). 

We fix an element Q. = X + iY oi H„ with X = Re Q and Y = ImQ. For a pair (A, B) 
with A, Be Z^"^'*^), we define the function Eq.^a,b ■ C^™'") — > C by 

where Z = U + iV is a variable in C^'"''^) with real U, V. 

Lemma 4.1. For any A,B E Z*^'"'"'), the function Eq-^^b satisfies the following functional 
equation 

EQ.,A,B{Z + )^^ + f^)=EQ.,A,B{Z), Ze C("*'") 
for all \,iiE Z(™'"). Thus Eq.a,b can be regarded as a function on Aq. 
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Proof. Wc write = X + iY with real X, Y. For any A, ^ G ^(m,n)^ have 
En;A,B{Z + Xn + fi) = En-AMiU + AX + /x) + i{V + AY)) 

^ g27rj{ a ( *A((7+AX+m))+ <t i(B~AX)Y-'^ '(V+XY)) } 

^ ^2ni{ a ( '^AU+ *AXX+ a {{B-AX)Y-^ ^V+B *\-AX *A)} 

^ g27ri{(T(«A;7) + o-((S-AX)Y-i*y)} 

Here we used the fact that and B *A are integral. □ 
Lemma 4.2. T/ie metric 

dsl = a {{Imn)-^ \dZ) dZ) ) 

is a Kdhler metric on An invariant under the action (5.15) ofT"^ = Sp{n,Z) x H^'^^ on 
Z) with CI fixed. Its Laplacian Aq of ds^ is given by 

Proof. The proof can be found [20]. 

□ 

We let L^{Aq) be the space of all functions / : Aq — > C such that 

||/|b:= / \f{Z)\'d^vn, 

where dvQ^ is the volume element on A^ normalized so that J^^ dvQ, = 1. The inner product 
( , )n on the Hilbert space LP'{Aq) is given by 

{f,9h:= [ f{Z)^dvn, f,geL\An). 

Theorem 4.2. The set { En-A,B \ A,B e Z(™'") } is a complete orthonormal basis for 
L'^{Afi)- Moreover we have the following spectral decomposition of Aq: 

L'^{An) = ©^^^g2(m,n)C • Eq.a,b- 

Proof. The complete proof can be found in [20] □ 
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